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In special relativity, this paper presents four net forces, which can be 
applied in any massive or non-massive particle, and where the relationship 
between net force and special acceleration is as in Newton’s second law 
( that is, the special acceleration of any massive or non-massive particle 
is always in the direction of the net force acting on the particle ) 


Introduction 


In special relativity, this paper is obtained starting from the essential definitions of intrinsic 
mass ( or invariant mass ) and relativistic factor ( or frequency factor ) for massive particles 
and non-massive particles. 


The intrinsic mass (m) and the relativistic factor ( f ) of a massive particle, are given by: 


m= Mp (1) 


fe ee (2) 


where (m,) is the rest mass of the massive particle, (v) is the velocity of the massive 
particle, and (c) is the speed of light in vacuum. 


The intrinsic mass (m) and the relativistic factor ( f ) of a non-massive particle, are given by: 


m= 7s (3) 
fee (4) 


where ( hf ) is the Planck constant, ( v ) is the frequency of the non-massive particle, (« ) is 
a positive universal constant with dimension of frequency, and (c) is the speed of light in 
vacuum. 


According to this paper, a massive particle (m, 4 0) is a particle with non-zero rest mass 
( or a particle whose speed v in vacuum is less than c ) and a non-massive particle (m, = 0) 
is a particle with zero rest mass ( or a particle whose speed v in vacuum is c ) 


Note : The rest mass (m, ) and the intrinsic mass (m) are in general not additive, and the 
relativistic mass (m) of a particle ( massive or non-massive ) is given by: (m = mf ) 


The Ejinsteinian Kinematics 


The special position (f ) the special velocity ( v ) and the special acceleration (a) of a particle 
( massive or non-massive ) are given by: 


pee [ivae (5) 
dr 


eee a (6) 
_ dv dv df 
Be Eg gy © (7) 


where (f ) is the relativistic factor of the particle, (v ) is the velocity of the particle, and (t) 
is the (coordinate ) time. 


The Einsteinian Dynamics 


If we consider a particle ( massive or non-massive ) with intrinsic mass (m) then the 
linear momentum (P ) of the particle, the angular momentum (L) of the particle, the net 
Einsteinian force (Fr) acting on the particle, the work (W) done by the net Einsteinian 
force acting on the particle, and the kinetic energy (K ) of the particle, are given by: 


P=mv =mfv (8) 

L=rxP=mrxv =mfrxv (9) 
dP dv df 

P= @ eee (10) 

Well pede) CaS aK (11) 
" , dt 

K = mfe (12) 


where (f, r, v, ¥V, 4) are the relativistic factor, the position, the velocity, the special velocity 
and the special acceleration of the particle, (t) is the (coordinate) time, and (c) is the 
speed of light in vacuum. The kinetic energy (K, ) of a massive particle at rest is (moc?) 
since in this dynamics the relativistic energy (E = m,c?(f —1)+ m.c?) and the kinetic 
energy (K = mf c?) are the same (E = K) [1] 

Note: E?—P?%c? = m? f? c+ (1—v?/c?) [ in massive particle: f? (1—v?/c?) =1 — E? — P?c? = mo?c* 
and m #0] & [in non-massive particle: v? =c? — (1—v?/c?) =0 EB? — P?c? =0 and m40 


In special relativity there are 3 types of masses: rest mass (m.,) intrinsic mass (m) and relativistic mass (m) 


The Newtonian Kinematics 


The special position (£ ) the special velocity (¥ ) and the special acceleration (@) of a particle 
( massive or non-massive ) are given by: 


r=r (13) 
_ . a 
veaev (14) 
_. dv 
a+ =a (15) 


where (r) is the position of the particle, (v) is the velocity of the particle, (a) is the 
acceleration of the particle, and (t) is the (coordinate ) time. 


The Newtonian Dynamics 


If we consider a particle ( massive or non-massive ) with intrinsic mass (m) then the 
linear momentum (FP) of the particle, the angular momentum (L) of the particle, the net 
Newtonian force (Fn ) acting on the particle, the work (W ) done by the net Newtonian force 
acting on the particle, and the kinetic energy (K ) of the particle, are given by: 


P=mv= mv (16) 

L=rxP=mrxv=mrxv (17) 
dP 
2 2 dP 

W= Fy -dr ay —-dr = AK (19) 
y , at 

K = 4 m/(v-v) (20) 


where (r, v, a, ¥, A) are the position, the velocity, the acceleration, the special velocity and 
the special acceleration of the particle, (¢) is the (coordinate) time, and (c) is the speed 
of light in vacuum. The kinetic energy (K,) of a massive particle at rest is zero, and the 
ordinary acceleration (a) of a massive or non-massive particle is also always in the direction 
of the net Newtonian force (Fw) acting on the particle. 


In special relativity, the net Newtonian force (Fn) acting on a massive or non-massive 
particle, is given by: Fy = N7!- Fe, where (N) is the Newton tensor, and (Fs) is the 
net Einsteinian force acting on the massive or non-massive particle [2] 


The Poincarian Kinematics 


The special position (£ ) the special velocity (¥ ) and the special acceleration (@) of a particle 
( massive or non-massive ) are given by: 


rear (21) 
55 4 SO 
pee Se (22) 


where ( f ) is the relativistic factor of the particle, (r) is the position of the particle, (v) is 
the velocity of the particle, and (7) is the proper time of the particle ( Note: dr = f-‘'dt ) 


The Poincarian Dynamics 


If we consider a particle ( massive or non-massive ) with intrinsic mass (m) then the 
linear momentum (FP) of the particle, the angular momentum (L) of the particle, the net 
Poincarian force (Fr ) acting on the particle, the work (W ) done by the net Poincarian force 
acting on the particle, and the kinetic energy (K_) of the particle, are given by: 


P=mv=mfv (24) 

L=rxP=mrxv=mfrxv (25) 
dP dv df 

P — a — 2 

dr mf ate 8) 

W= f-' Fe-dr =] pode dr = AK (27) 
7 Hl dt 

K = mfe? (28) 


where (f, r, Vv, 7, V, 2) are the relativistic factor, the position, the velocity, the proper time, 
the special velocity and the special acceleration of the particle, and (c) is the speed of light 
in vacuum. The kinetic energy (K,) of a massive particle at rest is (mc?) since also in 
this dynamics the relativistic energy (E = m,c?(f—1)+ m,c?) and the kinetic energy 
(K = m fc?) are the same (E = K) 

In special relativity, the net Poincarian force ( Fr ) acting on a massive or non-massive particle 
is given by: Fr = f Fe, where (ff) is the relativistic factor of the particle, and (Fr) is 
the net Einsteinian force acting on the massive or non-massive particle [3] 


The Me@llerian Kinematics 


The special position (£ ) the special velocity (v ) and the special acceleration (a) of a particle 
( massive or non-massive ) are given by: 


ee [ve (29) 


3 ee OE 
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where ( f ) is the relativistic factor of the particle, (r, v, a) are the position, the velocity and 
the acceleration of the particle, and (7 ) is the proper time of the particle ( Note: dr = f~' dt ) 


The Mollerian Dynamics 


If we consider a particle ( massive or non-massive ) with intrinsic mass (m) then the linear 
momentum (FP ) of the particle, the angular momentum (L) of the particle, the net Mgllerian 
force (Fm) acting on the particle, the work (W) done by the net Mellerian force acting on 
the particle, and the kinetic energy (K ) of the particle, are given by: 


P=mv= mv (32) 

L=rxP=mrxv =mrxv (33) 

Fu < ma mfa (34) 
2 2 

wef f-' Fu: dr =| go OE ge = AK (35) 
; je dt 

K = Vo m(v-v) (36) 


where (f,r,v,a, 7, V, a) are the relativistic factor, the position, the velocity, the acceleration, 
the proper time, the special velocity and the special acceleration of the particle, and (c) is 
the speed of light in vacuum. The kinetic energy (K, ) of a massive particle at rest is zero, 
and the ordinary acceleration (a) of a massive or non-massive particle is also always in the 
direction of the net Mgllerian force (Fm) acting on the particle. 


In special relativity, the net Mgllerian force (Fm ) acting on a massive or non-massive particle 
is given by: Fu = M- Fz, where (M) is the Moller tensor, and (Fr) is the net Einsteinian 
force acting on the massive or non-massive particle (see Annex I) [4] 


General Observations 


In special relativity, the net forces | Fx, Fr, Fu] are valid since these net forces are obtained 
from the net Einsteinian force [Fs | 


Therefore, the net forces [ Fz, Fx, Fr, Fu] can be applied in any inertial reference frame. 


The special acceleration (a) of a particle (massive or non-massive ) is always in the direction 
of the net forces [ Fr, Fx, Fr, Fm] acting on the particle (as in Newton’s second law) 


Additionally, the ordinary acceleration (a) of a particle (massive or non-massive) is also 
always in the direction of the net forces | Fn,Fm] acting on the particle (exactly as in 
Newton’s second law) ( Note: Fy = f-'Fu = f-'M - Fs ) 


The net forces [Fr, Fx, Fe, Fu] are three-forces ( that is, they are three-dimensional vectors ) 


On the other hand, the net Minkowskian four-force [Fu] is obtained from the four-momentum 
and the proper time of a massive particle. In addition, the net Einsteinian four-force [ Fr | 
can be obtained from the four-momentum and the (coordinate) time of a massive particle 
( Note: Fe =((dE/dt)c-1, Fx ) and Fm= ff Fe ) [ see: Appendix A and Appendix B |] 
In special relativity, there are three types of masses that are compatible with each other : the 
rest mass (m,) the intrinsic mass (m) and the relativistic mass (m) ( the intrinsic mass 


(m.) is an invariant mass that can be applied to massive and non-massive particles ) 


In the Poincarian dynamics, the definition of work (W ) is modified so that the magnitudes 
(P,K) match the magnitudes (P,K) of the Einsteinian dynamics. 


In the Mellerian dynamics, the definition of work (W) is modified so that the magnitudes 
(P,K) match the magnitudes (P,K ) of the Newtonian dynamics. 


Additionally, in relativistic elastic collisions ( or relativistic elastic shocks ) between massive 
and/or non-massive particles of an isolated system, the magnitudes (P = )> m, fiv;) and 
(K = > m; fic?) are conserved [and the net Einsteinian force (Fx = dP/dt) is always zero] 
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Annex I 
The M@ller Tensor 


The Moller tensor (M) and the net Mellerian force (Fm) can be obtained from the net 
Einsteinian force (Fr) acting on a massive particle with rest mass (m9) 


a (a-v)v 
to aoe? ane = Fr (37) 
a-v (a-v) (v-v) 
Gee i 1-3) Fe -v (38) 
(a-v)v (a-v)(v-v)v (Fe-v) 
ie 1/2 2\3/2 ~ 2 (39) 
egy" (8) : 
a (Fe . v) 
Mo =| = Fe-* 5 (40) 
(- 8)" : 


(41) 


a | es | a | es | 
| 


ee) 
Mo =|1 F (42) 
Vv /2 | C2 
(1-3) 
a 
Mo a) az | = M-Fs (43) 
ee 
a 
Mo (1 ay? = Fu (44) 
ee 


Note: Fe = 1-Fr (1 unit tensor) & (Fr: v) v = (v @v)- Fs (® tensor or dyadic product ) 


Annex II 
The Kinetic Forces 


The kinetic force K*, exerted on a particle i with intrinsic mass m; by another particle 7 
with intrinsic mass m,;, is given by: 


Ki = Meo a) (45) 


where a; is the special acceleration of particle i, a; is the special acceleration of particle j 
and M ( = 374" m.z ) is the sum of the intrinsic masses of all the particles of the Universe. 


Zz 


On the other hand, the kinetic force K¥ exerted on a particle i with intrinsic mass m; by 
the Universe, is given by: 


a oe 
m pace Mm: ( ) 


where m, and a, are the intrinsic mass and the special acceleration of the z-th particle of 
the Universe. 


From the above equations it follows that the net kinetic force K; (= 0; " K{; + K} ) acting 
on a particle i with intrinsic mass m,, is given by: 


where a; is the special acceleration of particle 2. 


Now, from all dynamics [ (10), (18), (26), (34) ] we have: 


FEF; = ma; (48) 
Since (K; = —m, 4; ) we obtain: 

F; = —K; (49) 
that is: 

K; + F; = 0 (50) 


T, =0 (51) 


Therefore, if the net kinetic force K; is added in all dynamics then the total force T; acting 
on a ( massive or non-massive ) particle 7 is always zero. 


Note : According to this paper, the kinetic forces K are directly related to kinetic energy K. 


Annex ITI 
System of Particles 


In special relativity, the total energy (E) the linear momentum (P) the rest mass (M, ) 
and the velocity (V ) of any massive or non-massive system ( of particles ) are given by: 


B= So mfiet+ >> End (52) 
P= 0 mfivi (53) 
M2c* = BE? —P?¢? (54) 
V = Pc’E (55) 
where (m;, fi, vi) are the intrinsic mass, the relativistic factor and the velocity of the i-th 


massive or non-massive particle of the system, (> Enki) is the total non-kinetic energy of 
the system, and (c) is the speed of light in vacuum. 


The intrinsic mass (M) and the relativistic factor (F) of a massive system ( composed of 
massive particles or non-massive particles, or both at the same time ) are given by: 


M = M, (56) 


F = (1- v~ ve (57) 


where ( M, ) is the rest mass of the massive system, ( V ) is the velocity of the massive system, 
and (c) is the speed of light in vacuum. 


The intrinsic mass (M) and the relativistic factor (F) of a non-massive system ( composed 
only of non-massive particles, all with the same vector velocity c ) are given by: 


ht 


M=35 


; (58) 


F2iyu (59) 


where ( f/ ) is the Planck constant, ( v; ) is the frequency of the i-th non-massive particle of 
the non-massive system, («) is a positive universal constant with dimension of frequency, 
and (c) is the speed of light in vacuum. 


According to this paper, a massive system (M, # 0) is a system with non-zero rest mass 
( or a system whose speed V in vacuum is less than c ) and a non-massive system (M, = 0) 
is a system with zero rest mass ( or a system whose speed V in vacuum is c ) 


Note: The rest mass (M, ) and the intrinsic mass (M) are in general not additive, and the 
relativistic mass (M) of a system ( massive or non-massive ) is given by: (M = MF ) 


The Ejinsteinian Kinematics 


The special position (R_) the special velocity (V) and the special acceleration (A) of a 
system ( massive or non-massive ) are given by: 


R= /[Pvae (60) 

- dR 

V= — =FV 1 
dt (61) 

. . dV dV dF 

Aso =F 4Sv (62) 


where (F) is the relativistic factor of the system, ('V ) is the velocity of the system, and (t) 
is the (coordinate ) time. 


The Einsteinian Dynamics 


If we consider a system ( massive or non-massive ) with intrinsic mass (M) then the linear 
momentum (P ) of the system, the angular momentum (L ) of the system, the net Einsteinian 
force (F ) acting on the system, the work (W ) done by the net Einsteinian forces acting on 
the system, the kinetic energy ( K ) of the system, and the total energy (E) of the system, are: 


Il: 


L= ki = Sonxp = Domnxy = Do mfr xvi (64) 


7 _widpi _ aP = dV, dE 
Bes StS a a= MA u[rta Sv (65) 
W= Y [tan a yf -dr; = AK (66) 
: , dt 
K = Sm fe tse 
E= Som fie+> Ex = K+ 5° Eni = MF’ (68) 


where (m;, fi, Yi, Vi, Vi ) are the intrinsic mass, the relativistic factor, the position, the 
velocity and the special velocity of the i-th massive or non-massive particle of the system, 
(F, V, V, A) are the relativistic factor, the velocity, the special velocity and the special 
acceleration of the system, (>> E,,; ) is the total non-kinetic energy of the system, (t) is the 
(coordinate ) time, and (c) is the speed of light in vacuum. 


Note : (>> Enki = 0) in massive or non-massive particle — (E = K ) in massive or non-massive particle. 
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Appendix A 
Four-kinematics 
The Minkowskian Kinematics 


The special four-position (R) the special four-velocity (U) and the special four-acceleration 
(A) of a particle ( massive or non-massive ) are given by: 


R= (ct.r) (69) 


. dR 

us F = (fe. fv] (70) 
. ad (df. df_. av 

as Dat Ge grat) w) 


where ( f ) is the relativistic factor of the particle, (r) is the position of the particle, (v) is 
the velocity of the particle, and (7) is the proper time of the particle ( Note: dr = f-‘dt ) 


Four-dynamics 
The Minkowskian Dynamics 


The four-momentum (P) of a particle ( massive or non-massive ) with intrinsic mass (m ) 
and the net Minkowskian four-force (Fm) acting on the particle, are given by: 


P= mu =m(fe, fv) (72) 
= dP df df dv 
Fu oe mA m f ( dt Cx dt v+ di f) (73) 


where ( f, v, U, A) are the relativistic factor, the velocity, the special four-velocity and the 
special four-acceleration of the particle, (7 ) is the proper time of the particle, and (c) is the 
speed of light in vacuum. 


In the Minkowskian four-mechanics ( that is, in the ordinary four-mechanics ) all the special 
four-vectors (R, U, A, P, Fu) are ordinary four-vectors (R, U, A, P, F). 


Additionally, in massive particle : f is the Lorentz factor y(v). 
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Appendix B 
Four-kinematics 
The Ejinsteinian Kinematics 


The special four-position (R) the special four-velocity (U) and the special four-acceleration 
(A) of a particle ( massive or non-massive ) are given by: 


r= [ (te. tv)ae (74) 
. dR 

us F = (fe. fv] (75) 
_ dU fdf df_. av 

a= = (fe, fv+ Gr) (76) 


where (f ) is the relativistic factor of the particle, (v ) is the velocity of the particle, and (t) 
is the (coordinate ) time. 


Four-dynamics 


The Einsteinian Dynamics 


The four-momentum (FP) of a particle ( massive or non-massive ) with intrinsic mass (m) 
and the net Einsteinian four-force (Fe) acting on the particle, are given by: 


P= mu =m(fe, fv) (77) 
_ dP df df. av 
Fs aE mA m( Ze, ree af) (78) 


where ( f, v, U, A) are the relativistic factor, the velocity, the special four-velocity and the 
special four-acceleration of the particle, (¢) is the (coordinate) time, and (c) is the speed 
of light in vacuum. 


In the Einsteinian four-mechanics, the special four-velocity (U ) is the ordinary four-velocity 


(U) and, therefore, the four-momentum (P ) is the ordinary four-momentum (P ). 


Additionally, in massive particle : f is the Lorentz factor y(v). 
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